
Lecture 5

Geodesics and covariant derivatives
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Differentiation
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Generalized StokesTheorem
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Covariant Derivatives
-

How to generalize partial derivatives in a coordinate invariant way
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Covariant derivative of  a tensor
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Paralleltransport-

How to transport a vector along a curve ?
q
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Parallel
transport-

How to transport a vector along a curve ?

Impose
that the covariant derivative fi " "

along the curve vanishes :
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Torsion is a ( 1,2 ) tensor
.
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The Levi - Civita connection
-

There is a unique torsionand metrics connection
.
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Gharged_ testparticle
µ

vector potential
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Wisdom of  the day

We are what we do repeatedly.



Good habits Bad habits
- -

• Daily Physical exercise • Youtube / Tiktok before bedtime
.

Hed"{ . Sleeping well

• Eating "

. Making your
bed

• Write a plan for the day



Lecture 6

The Riemann curvature tensor
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Paralleltransport-

How to transport a vector along a curve ?
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The Levi - Civita connection
-

There is a unique torsionand metrics connection
.
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Geodesics

A time like geodesicmaximizesthe proper
time

" ÷:
g

Christoffelsymbols
•  = IT

← proper
time

E- o ⇒ It tri IMiu =o ⇐Dz I I x.
'
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.



Itt from I riv =o .  =D
de

Generic parameter : XM ( ace , ) da = I d-
old

Exercise: show that

2
f
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I =o ⇐ a = a Ttb a ⇒ a is an a#parameter .



Massespartiesmore alongndgeodesics .

proper
time Vanishes foie null geodesics .

It is convenient to use a  parameter d such that :

a- . :* a-  momentum I :÷÷ I
Geodesic equation : p

"

Tf you = o

n

Local
energy : E  =  - P

,
Uobs



they p is a map from the tangent space to

to the manifold .

III.
⇒

= " ' Te
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( k ) = XC a =i )

This map
is one - to - one in a neighbourhood of the origin  of Tp = IR

"

.



Riemann normal coordinates
-

1. Choose a basis fee} of Tp such that gley ,
er ) = Myo .

§Minkowski

K = Ki e
;

E Tp metric

2. Use the exponential may
to define a coordinate system

in the neighbourhood of  p .

q = exp
,

Ck ) ⇒ coordinates Xi of q = ki

In this coordinate system , geodesics are given by Xi = d Kii

⇒ =o ⇒ r :p -

- o
⇒ agg =D

, geo
= o



Plan for today
-

• The Riemann curvature tensor

•

Ricci
 Tensor

,
Ricci scalar

,
Weyl tensor

,

Einstein tensor

• Symmetries and killing vectors



The Riemann Curvature tensor
-

In the presence of  curvature covariant derivatives do not comminute :

cnn.ru]v
'

= r !.mu
'
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(

Riemann tensor

⇒i÷÷
.

¥

Ex
: show that

pin .

-
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.

- rear'm



From now on
,

we will consider the Christoffel connection

Frm = I g
" ( argue + 2. ohne

- koku)

F coordinate system ×
"

( ⇒ Rl
qnu

= o

such that gum
=

Mm



Properties of the Riemann tensor Rpqnu
=

gp ,

R'
or

-
-

-

In normal coordinates at a points f girth
-

- Mri , !Igi!?,o )
Renoir  = gii ( Jit 're - Jiri, )= . . .=

= 's ( firstgene  - Trigger - 2r2og+2ozgun )

Tensor egsR
pom
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Rp @µ ]

= °
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Properties of the Riemann tensor
-

-
-

In normal coordinates at a points

from
= 7miIftp.8?ipY!?)
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 + fix) )
in

IgE:

( 2ngonnatagger-229in )
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⇒ THReam
-

- O
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Riccitensor : Rm = R
"

mu Rm = Ru
,

Ricci scalar : REGN Rm

Weyl tensor : similar to : Tau= Ten - IgmTda
- - I so that  

tug - v
= o

)
C

pom
= Reign - I ( geqnrvir

- gograsp) -1 guitar
↳

Same symmetries of Riemann tensor with all traces removed ( check !2 )

Weyl transformation : gµCN - w 'm gmv IN

Clqnulxl → Crom HI invariant !



Einstein's :

Gyu = Ryu
- I Rgm

em ru

g g THReam = °
Bianchi identity
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D
,
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= O

PM ( Rm - I Rgm) = o

⇒ TIMGm = o



Symmetriesvectors

Geodesic equation : pm Ep
'

-

- o I :mg±!a¥j"! )
When do we have conserved quantities?

Q = Kv 7
"

dd¥=oa⇒ pm tf ( krpv ) = o pn§
" "

< ⇒ pm pv Tyku ,
= O

g
killing vector field

Therefore , Dc,
ku ,

= o ⇒ k
,

PM is conserved

killing 's equation



Wisdom of  the day

See www.williambirvine.com for a modern stoic.

The Stoic Challenge


